Math 565: Functional
Analysis
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HOMEWORK 3 Due: Feb 19, 23:59

Definition. In a real vector space X, a set U C X is called convex if it is closed under convex
combinations, i.e. ax + (1 —a)y € U forall z,y € U and v € [0, 1].

1.

Let X be a real normed vector space and U C X be a convex open set with 0 € U. Define the
Minkowski functional p : X — R of U (also called the gauge of U) by

pl)=inf{a>0:a'zeU}.
Prove:
(a) pis anonnegative sublinear functional.

HINT: For subadditivity, note that (p(z) + €)'z € U for each z € X and each ¢ > 0, and
use that (a + 3)~!(z + y) is a convex combination of !z and S~y for all z,y € X and
a, B> 0.

(b) pisnot a semi-norm in general by providing a counterexample in X := R.

(c) pis abounded functional, i.e. there is a constant C' > 0 such that p(z) < C||z| for all
re X.

@ U={p<1}.
Let X be a real normed vector space and U C X be a convex open set. Prove that for each
zo € X \ U, thereis f € X* such that f(u) < f(x) forallu € U.

RESTRICTIONS: This statement is part of the proof of geometric Hahn—Banach, so you may not
use the latter in your solution. You may use ordinary Hahn—Banach (on extension of functionals).

HINT: Translating U and x by the same vector, we may assume 0 € U, so xy # 0. Start with
f(zo) := 1 and extend it to X via the Minkowski functional.

Let X and Y be normed vector spaces and 7' € B(X,Y). Define the transpose 7" : Y* — X*
of TbyT!f = foT.

(a) Observe that | T < ||T||, so T" € B(Y™*, X*).

(b) Identifying X with X and Y with Y, check that 7| ¢ = T. Deduce that ||T%|| = ||T.

(c) Verify that if 7(X) is dense in Y, then 7" is injective. Deduce that if 7*(Y™*) is dense in
X*, then T'is injective.

Definition. Let X be a normed vector space. We stated in class that the map z — 7 : X — X** is
an isometry and we denoted its image by X. Call X reflexive if X = X**.

4. Suppose that X is a Banach space and let Y C X and /' C X*. Put

YO ={feX*:fly=0} and F: . ={r € X : f(xr) =0forall f € F}.

Prove:



(@) Y°= (SpanY)’ and F- = (Span F)* and that Y° = (V)" and (F1) = F° 1 X.
(b) F'is aclosed subspace of X, and therefore Y is a closed subspace of X*.

(¢) (Y°)* =SpanY and (F+)° D Span F. If X is reflexive, (F*)? = Span F

. Let X be a Banach space.

(a) Prove that if X™ is separable, then X is separable.
HINT: Let F' be a countable dense subset of X* and for each f € F, choose a unit vector
zy € X with | f(zf)| > 3|/ f||. Then the span of {z; : f € F} is dense in X.

(b) Deduce that if X is reflexive, then the converse holds as well: if X separable then X* is
separable.

(c) Give an example of a separable Banach space X with a non-separable dual X*.

. Let ¢ := ¢(N) be the space of all convergent sequences in C and let f € ¢* be a positive linear
functional on ¢ which is shift-invariant (i.e. f o s = f, where s is the shift transformation) and
satisfies || f|| = 1 and f(1) = 1. Prove that f is the limit functional, i.e. f(x) = lim,,_,o z(n).

HINT: The space c. of all eventually 0 sequences in C is contained in ker f.

. Let X be a normed vector space and Y C X be a closed subspace. Show that (X/Y)* = Y0,
more precisely, prove that the map f — form: (X/Y)* — Y is an isometric isomorphism,
where 7 : X — X/Y is the quotient map.

HINT: To show ||f o 7| > || f]|, take a sequence =, + Y € X/Y with ||z, + Y| < 1 and
|(f o m)(xn)| = |f(zn +Y)| = ||If]| as n — co. Choose y,, € Y with ||z, 4+ yn| < 1, s0
If el = |(f o m)(zn + yn)l.

. Let x be an ultrafilter-measure on Z(N), i.e. a 0/1-valued finitely additive measure on & (N).

(a) Prove that for every x € (°°, the limit of = along p exists, and that L,,(z) = lim,,_,, 2(n)
is a positive linear functional on ¢*°.

(b) Suppose that p is not a Dirac measure (i.e. is a nonprincipal ultrafilter). Show that every

x € (> admits a subsequence (z(ny)); such that

Lu(x) = Jim a(ny),

where the limit on the right is the usual limit (along the Fréchet filter). Conclude that
L, € (=) with ||L,|| = 1.

(c) Suppose that p is not a Dirac measure (i.e. is a nonprincipal ultrafilter). Prove that L:
(> — C defined by

is a mean on £*°.



9. [Optional] Given a finitely additive finite measure ;. on & (N), define its integral on (>, i.e. a
positive linear functional 7, on ¢*° with ||/,|| = 1 such that ,(14) = p(A) foreach A C N.
Observe that if 4 is a 0/1-valued measure, then [, = L, (as in Question 8).

HINT: First define I, on simple functions, then extend it to non-negative functions the same
way as it is done for countably additive measures.



